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We propose a standard time-of-flight experiment as a method for observing the anyonic statistics of
quasiholes in a fractional quantum Hall state of ultracold atoms. The quasihole states can be stably
prepared by pinning the quasiholes with localized potentials and a measurement of the mean square
radius of the freely expanding cloud, which is related to the average total angular momentum of the
initial state, offers direct signatures of the statistical phase. Our proposed method is validated by
Monte Carlo calculations for ν = 1/2 and 1/3 fractional quantum Hall liquids containing a realistic
number of particles. Extensions to quantum Hall liquids of light and to non-Abelian anyons are
briefly discussed.
PACS numbers: 67.85.-d, 73.43.-f, 05.30.Pr
Introduction.— The usual exchange statistics, which
classifies particles into bosons and fermions, is enriched
in two dimensions (2D). In 2D, the many-particle wave
function can, in principle, acquire an arbitrary statistical
phase factor exp(iφst) upon particle exchange, which can
be different from the usual ±1 factor defining bosons and
fermions [1, 2]. Particles having this unusual fractional
exchange statistics are called anyons [3]. In the presence
of topologically degenerate ground states, the phase fac-
tor when anyons are braided around each other can even
be replaced by non-Abelian transformations acting on
the ground state manifold [4], with interesting potential
applications in topological quantum computing [5].
Among the 2D systems where anyons appear naturally,
fractional quantum Hall (FQH) systems are, perhaps, the
most commonly studied ones [3, 6, 7]. Quasihole and
quasiparticle excitations of an FQH system are known
to exhibit anyonic character [8]. Although the FQH ef-
fect was originally observed in 2D electron gases under
a magnetic field [9], analogue systems where interact-
ing neutral particles experience synthetic magnetic fields
[10, 11] are emerging as promising platforms for study-
ing the FQH physics. Ultracold atomic [12] and photonic
systems [13], being prime examples of such analogue sys-
tems, are advantageous over the electronic ones in that
they offer a highly controllable environment. In these
systems, it might be possible to pin and braid anyons
using localized potentials for particles [14–17].
While the fractional charge of (Abelian) anyons in
FQH systems has been experimentally observed via shot-
noise measurements [18], no clear-cut evidence of the
exchange statistics is yet available. Although interfer-
ometric measurements performed, so far, in electronic
systems are highly suggestive of anyonic statistics [19],
they still lack a unique interpretation [20]. More recent
studies on the interferometry of Abelian anyons include
a more detailed modeling of the usual Fabry-Pe´rot se-
tups, which accounts for competing effects [21] and the
proposition of Hanbury Brown-Twiss interferometry to
probe anyon correlations [22]. Building on earlier pro-
posals [23], experiments pointing at non-Abelian proper-
ties were also performed [24]. Interferometric schemes for
detecting the statistical phase were also developed for ul-
tracold atomic [14] and photonic [17] systems. Recently,
as a slightly different approach, proposals for detecting
Haldane’s fractional exclusion statistics [25], which is in-
timately connected to the braiding statistics, have ap-
peared in the solid state [26], ultracold atomic [27], and
photonic contexts [28].
In this Letter, we propose a much simpler time-of-flight
(TOF) measurement [12] as a way to observe the sta-
tistical phase of an FQH liquid of ultracold atoms ini-
tially prepared in a quasihole state with Abelian braid-
ing statistics. The suggested experimental procedure in-
volves creating and pinning the quasiholes with localized
potentials and suddenly releasing the atomic cloud to
measure the density distribution after time of flight for
one- and two-quasihole states. As the average total angu-
lar momentum of the initial state can be mathematically
related both to the TOF mean square radius [29] and to
the Berry phase [8, 30] associated with quasihole braid-
ing, a measurement of the former provides information
on the latter quantity. As a key advantage over previous
interferometric proposals [14, 17], ours does not require
physically moving quasiholes and is based on a standard
TOF measurement on a static system.
Different, yet related aspects of the anyonic charac-
ter of quasiholes have been addressed in recent works:
the fractionalization of angular momentum has been dis-
cussed in [31] for test particles immersed in an ultracold
atomic FQH system and, very recently, in [32] for im-
purities interacting with a bosonic bath. Signatures of
anyonic statistics in the correlation functions of an ex-
panding gas of anyons have been suggested in [33].
Model System.— We consider a generic FQH system
with interacting neutral particles in a synthetic magnetic
field B, which is uniform and perpendicular to the 2D
plane of motion. Such a system, with N particles of
ar
X
iv
:1
71
2.
07
94
0v
3 
 [c
on
d-
ma
t.q
ua
nt-
ga
s] 
 15
 M
ay
 20
18
2mass M , can be described by the Hamiltonian
HFQH =
N∑
i=1
(−i~∇i −A)2
2M
+gint
∑
i<j
δ(2)(ri−rj), (1)
where A(r) = Bzˆ× r/2 is the synthetically created sym-
metric gauge vector potential. The strength of repulsive
contact interactions is given by gint > 0.
The eigenstates of the noninteracting Hamiltonian are
the Landau levels separated by the cyclotron energy
∆E = ~B/M . When the typical interaction energy
gint/l
2
B, with lB =
√
~/B the magnetic length, is suffi-
ciently smaller than ∆E, it is reasonable to make the
approximation that only the lowest Landau level (LLL)
is occupied. The wave function of a single-particle eigen-
state in the LLL with angular momentum n~ is ψn(ζ) =
ζne−|ζ|
2/4/(
√
2pi2nn!lB), where ζ = (x + iy)/lB is the
complex-valued coordinate of the particle.
For the many-particle system, one can define the fill-
ing fraction ν = N/NΦ as the ratio between the number
of particles N and the number of magnetic flux quanta
NΦ, which corresponds to the filling of the Landau lev-
els in the noninteracting case. For a fractional filling
ν = 1/m, the exact nondegenerate ground state of the
interacting Hamiltonian HFQH at a total angular momen-
tum Lz = mN(N − 1)~/2 is described by the Laughlin
wave function [6, 14, 34]
ΨFQH(ζ1, . . . , ζN ) ∝
∏
j<k
(ζj − ζk)me−
∑N
i=1 |ζi|2/4, (2)
where ζi is the complex-valued coordinate of the ith par-
ticle. For bosons (fermions) m must be even (odd) for
the symmetry of the wave function to be correct. In
what follows, we will focus on the two exemplary cases
with m = 2 and 3. The m = 3 wave function is the
ansatz proposed by Laughlin to describe the FQH effect
for electrons at filling ν = 1/3 [6]. The m = 2 bosonic
wave function appeared, instead, in the context of ro-
tating ultracold atoms [14, 34, 35] and was theoretically
found to be the absolute ground state in the presence of a
uniform synthetic magnetic field and a weak trapping po-
tential [28, 36]. In a similar setup with fermionic atoms,
the ground state will be the m = 3 Laughlin state.
The Laughlin wave function (2) has zero-energy excita-
tions known as quasiholes which obey anyonic exchange
statistics in the thermodynamic limit [7, 8]. When two
quasiholes are exchanged, the many-body wave function
acquires the phase φst = νpi. Numerical studies show
that quasiholes (qh) can be pinned by repulsive piercing
potentials created with lasers in ultracold atomic systems
[14, 15]. Such a potential term can be represented by a
sum of delta potentials as Vqh = V0
∑Nqh
i=1
∑N
j=1 δ
(2)(rj −
Ri), where Nqh is the total number of repulsive poten-
tials and Ri is the position of the ith localized potential
with strength V0.
According to exact diagonalization of small sys-
tems [37], the ground state of the total Hamiltonian
Hqh = HFQH +Vqh +Vtrap including suitable pinning and
trapping [28, 36] potentials is not affected by the details
of the potentials and is well represented by the following
one- and two-quasihole wave functions for Nqh = 1 and
2, respectively,
Ψ1qh({ζi},R1) ∝
N∏
i=1
(ζi−R1)ΨFQH(ζ1, . . . , ζN ), (3)
Ψ2qh({ζi}, {Rj}) ∝
N∏
i=1
2∏
j=1
(ζi−Rj)ΨFQH(ζ1, . . . , ζN ),(4)
where R1,2 are the complex positions of the quasiholes
determined by the positions R1,2 of the localized poten-
tials. From the experimental perspective, once the ul-
tracold atomic cloud is prepared in the Laughlin ground
state, which is assumed to be sufficiently separated from
both the gapped bulk excitations and low-lying edge ex-
citations so that thermal fluctuations do not spoil it, one
can adiabatically prepare the quasihole states by slowly
increasing the strength V0 of the repulsive potentials and
then slowly moving them to the desired position in space
[14]. Alternatively, one may also consider directly cooling
down the gas in the presence of the potentials.
Braiding phase and total angular momentum.— In our
system with quasiholes, the braiding phase corresponds
to the difference between the Berry phases the many-
body wave function acquires after a quasihole is moved
along a closed path with or without another quasihole en-
closed by the path [7, 8]. Provided the quasiholes remain
sufficiently far apart from each other, the braiding phase
does not depend on the details of the path; therefore,
we can consider a circular path of radius R, cyclically
parametrized by the angular coordinate θ. We further
assume that the second quasihole (if present) is pinned
at the origin. The Berry phase [30], in this case, becomes
ϕB(R) = i
∮
R
〈Ψ(θ)|∂θ|Ψ(θ)〉dθ, (5)
where |Ψ(θ)〉 refers to the one- or two-quasihole states
(3)–(4).
We now relate the Berry phase (5) to the expected
value of total angular momentum 〈Lz〉, by first writ-
ing the action of the partial derivative ∂θ on the state
|Ψ(θ)〉 as ∂θ|Ψ(θ)〉 = limδθ→0{[|Ψ(θ+ δθ)〉− |Ψ(θ)〉]/δθ}.
Since rotating the quasihole by δθ is equivalent to ro-
tating the whole many-body system by the same an-
gle (modulo a 2pi-periodic phase factor, linearly de-
pendent on δθ), the state |Ψ(θ + δθ)〉 can be repre-
sented using the rotation generator Lz as |Ψ(θ + δθ)〉 =
exp(−iLzδθ/~)|Ψ(θ)〉. Expanding the rotation operator
for small δθ as exp(−iLzδθ/~) ' 1−iLzδθ/~, we see that
3∂θ|Ψ(θ)〉 = −(iLz/~)|Ψ(θ)〉, which implies
ϕB(R) =
1
~
∮
R
〈Ψ(θ)|Lz|Ψ(θ)〉dθ = 2pi~ 〈Lz〉, (6)
where the expectation value of 〈Lz〉 is taken with respect
to a wave function having a quasihole with fixed radial
coordinate R but an arbitrary angular coordinate. This
remarkable expression relates a quantity resulting from
an adiabatic motion, that is, braiding, to a stationary
property of a quantum mechanical state, that is, the av-
erage total angular momentum [48].
Equation (6) also provides an experimental route for
measuring the braiding (br) phase given by the Berry
phase differences φbr(R) = ϕ
2qh
B (R)− ϕ1qhB (R) yielding
φbr(R) =
2pi
~
(〈Lz〉2qh − 〈Lz〉1qh), (7)
where the superscripts 1qh and 2qh refer to one- and two-
quasihole states, respectively. Equation (7) shows that
the braiding phase can simply be determined by measur-
ing the average total angular momentum for two quan-
tum states and taking the difference, without any need
to actually braid quasiholes. The fact that the braiding
phase is defined in Eq. (7) only up to an integral mul-
tiple of 2pi does not preclude highlighting the fractional
statistics.
As an alternative to the braiding phase, one may
choose to directly measure the statistical (st) phase
φst(R) = φbr(R)/2 involving the adiabatic exchange of
two quasiholes [15, 17]. In our proposal, this would cor-
respond to measuring the angular momentum in the two
cases of (a) two quasiholes pinned at diametrically op-
posite positions each at a distance R/2 from the origin
and (b) a single quasihole pinned at a radius R/2. In
particular, one can write
φst(R) =
pi
~
(〈Lz〉2qhop − 2〈Lz〉1qh) + pim
N(N − 1)
2
, (8)
where 〈Lz〉2qhop is the average total angular momentum of
the two-quasihole state with diametrically opposite (op)
quasiholes and the last term compensates the phase fac-
tor picked up by the quasihole wave functions after a pi
rotation [49]. Although we will evaluate the statistical
phase only for the case of oppositely located quasiholes,
Eq. (8) can be generalized to configurations in which
quasiholes are pinned at generic positions. However, such
a generalization requires three different measurements of
〈Lz〉, instead of two [49].
Time-of-flight measurement.— The average total an-
gular momentum of a cloud of cold atoms occupying
the LLL can be determined by just measuring the mean
square radius 〈r2〉 of the density distribution of atoms in
the trap or, even easier, after a time-of-flight expansion
for a duration t once the pinning and trapping potentials
and synthetic fields are suddenly turned off [29, 50]
〈r2〉TOF = 1
N
(
~t√
2MlB
)2( 〈Lz〉
~
+N
)
=
(
~t
2Ml2B
)2
〈r2〉.
(9)
Note that for this self-similar TOF expansion to be valid,
the interactions between particles should be negligible
during the expansion, but the initial state can well be a
highly correlated one. This omission of interaction effects
can be justified, for instance, whenever the system can
be described within the LLL approximation [43].
Combining Eq. (7) with the relation displayed in
Eq. (9) between the in-trap average total angular mo-
mentum 〈Lz〉 and 〈r2〉TOF, we obtain the fundamental
experimental observable yielding the braiding phase
φbr(R) ' 2piN
(√
2MlB
~t
)2
(〈r2〉2qhTOF − 〈r2〉1qhTOF), (10)
which is, again, defined up to an integral multiple of 2pi.
Similarly, the corresponding observable for φst(R) can be
found by using Eqs. (8) and (9).
Numerical Results.— In this section, we substantiate
our conclusions by presenting estimates for φbr(R) cal-
culating the in-trap mean square radius 〈r2〉, related to
〈r2〉TOF through Eq. (9). Our numerical calculations are
based on the analytical wave functions (3)–(4) and we use
a Monte Carlo (MC) technique [51] to compute 〈r2〉 and
the density profile [52]. As a further check, we performed
exact diagonalization calculations for smaller N so as to
benchmark the MC results and verify that the ground
state wave functions for suitable pinning and trapping
potentials match the analytical wave functions [37].
We consider two configurations of two-quasihole states,
where the distance between two quasiholes is denoted
by R = |R1 − R2| in each case. In Fig. 1, one of
the quasiholes is located at the center, so we calculate
φbr(R) = 2piN(〈r2〉2qh−〈r2〉1qh)/(
√
2lB)
2 determined by
Eqs. (7) and (9). In Fig. 2, two quasiholes are located
at diametrically opposite positions, so the relevant quan-
tity is φst(R) = piN(〈r2〉2qhop − 2〈r2〉1qh)/(
√
2lB)
2 + piN +
pimN(N − 1)/2 from Eqs. (8) and (9).
In the calculations for N = 20-particle systems shown
in Fig. 1(a), a clear plateau is seen for ν = 1/2 at the
expected fractional value φbr/2pi = 1/2, accompanied by
small bumps at its ends. These bumps are more pro-
nounced in the ν = 1/3 case, where the plateau is not
fully visible, and can be related to perturbations in the
FQH cloud density.
On one hand, at small R [filled circles in Fig. 1(a)], the
phase behavior reflects the density deformation induced
by the quasihole in the origin shown in Figs. 1(b) and
1(e). Such a deformation is not sensitive to the cloud
size that increases with N and directly reflects the size
of the quasihole. Especially for ν = 1/3 the bump in
φbr(R) precisely matches the position of the peak in the
410
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FIG. 1: (a) Quasihole braiding phase φbr as a function of the distance R = |R1 −R2| between two quasiholes for systems of
N = 20 particles at filling ν = 1/2 (blue diamonds) and ν = 1/3 (red circles), where one of the quasiholes is fixed in the origin
(|R2| = 0). Error bars represent statistical uncertainties on the data. Density profiles characterizing some two-quasihole states
are given for ν = 1/2 in (b)–(d) and for ν = 1/3 in (e)–(g). The position of the outer quasihole is fixed along the x axis at
x1/
√
2lB = 1, 3, 5 in (b)–(d) and at x1/
√
2lB = 1, 4, 6 in (e)–(g).
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FIG. 2: (a) Statistical phase φst as a function of the distance
R = |R1−R2| between two quasiholes for systems of N = 20
particles at filling ν = 1/2 (blue diamonds) and ν = 1/3
(red circles), where the quasiholes are located at diametrically
opposite positions (x1 = −x2 = R/2). Error bars are smaller
than the symbol size. (b) Density profile for ν = 1/2 with
quasiholes located along the x axis at x1 = −x2 = 2.5
√
2lB.
(c) Density profile for ν = 1/3 with quasiholes located along
the x axis at x1 = −x2 = 3
√
2lB.
density profile [47, 53, 54]. On the other hand, the bump
visible at large R [filled squares in Fig. 1(a)] is related
to the density increase in the vicinity of the cloud edge
[Figs. 1(d) and 1(g)]. The scaling of the bump position
with N and that of the bump visibility with ν confirm
the behavior of the density maximum: the former scales
as
√
N , while the latter increases with decreasing ν.
While smaller clouds give qualitatively similar results
albeit with quantitatively more pronounced deviations,
these calculations prove that, for ν = 1/2, an N = 20-
particle system is already big enough to properly measure
the anyonic statistics of quasiholes. On the other hand,
for ν = 1/3, the bigger effective size of quasiholes re-
quires larger systems to clearly observe the plateau in the
braiding phase. Since larger particle numbers typically
require a higher relative precision in measuring the angu-
lar momentum, a useful alternative option is to consider
the second configuration with quasiholes at diametrically
opposite positions [15, 17]: such a configuration allows us
to maximize the quasihole distance by exploiting the full
extension of the bulk region. In this way, it is possible
to obtain a clear plateau in the statistical phase also for
ν = 1/3 and N = 20 particles, as displayed in Fig. 2(a).
Conclusion.— In this Letter, we argued that a stan-
dard measurement of the static density profile in the trap
or after time of flight is sufficient to observe the anyonic
statistics of quasiholes in a gas of ultracold atoms in the
FQH regime. We showed that the mean square radius of
the cloud in the presence of one or two quasiholes is di-
rectly related to the braiding and statistical phases. Nu-
merical calculations of the braiding phase φbr as a func-
tion of the distance between quasiholes for a reasonable
number of particles (N = 20) clearly display a plateau
5region, for which the quasiholes are sufficiently far away
from each other and from the edge of the cloud. Except
for small finite-size deviations, the value of the plateau is
very close to the expected one φst = φbr/2 = νpi, giving
a clear signature of the quasihole anyonic statistics.
A possible extension of our protocol to the case of non-
Abelian anyons is also the subject of ongoing studies.
The key difference is that the Berry phase is replaced by
its Wilczek-Zee generalization [5], which depends on a
matrix of inner products of the form 〈Ψα(θ)|∂θ|Ψβ(θ)〉.
Indices α and β label the degenerate quasihole ground
states peculiar to non-Abelian phases. In order to gener-
alize our scheme, we will first need to verify the identifica-
tion of ∂θ|Ψα(θ)〉 with Lz|Ψα(θ)〉 and then to connect the
angular momentum matrix elements 〈Ψα(θ)|Lz|Ψβ(θ)〉
with certain real-space observables like 〈r2〉 considered in
the current Letter. Such a real-space approach might be
appealing, particularly in view of the possibility of using
a generalized plasma analogy [55]. From the perspective
of reproducing our proposal in the non-Abelian context,
it looks promising to consider the px+ ipy model of topo-
logical superconductors [5], as the Moore-Read state [56],
representing the simplest FQH state with non-Abelian
statistics, can be described through the p-wave pairing
of composite fermions [57].
Further work will extend these results to FQH liq-
uids of photons in cylindrical set-ups such as the twisted
resonators of [58], for which the far-field intensity pro-
file of the light emission provides the optical analog of
time-of-flight imaging of ultracold atomic clouds. A first
task will be to identify suitable schemes to generate sta-
ble quasiholes states, e.g., by generalizing the frequency-
dependent incoherent pumping scheme of [28] in the pres-
ence of pinning potentials piercing the cavity. We then
expect that the braiding phase of quasiholes can again
be extracted from the expectation value of the angular
momentum.
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Supplemental Material
I. EXTRACTING THE STATISTICAL PHASE
With respect to the expression for the braiding phase,
the one for the statistical phase is characterized by an
additional term [cf. Eqs. (7) and (8) in the main text].
Here we explain the origin of such a term.
In general, the one-quasihole and the two-quasihole
wave functions read
Ψ1qh({ζi},R1) ∝
N∏
i=1
(ζi−R1)ΨFQH(ζ1, . . . , ζN ),
Ψ2qh({ζi}, {Rj}) ∝
N∏
i=1
2∏
j=1
(ζi−Rj)ΨFQH(ζ1, . . . , ζN ),
(1)
where {ζi} and {Rj} denote the particle and the quasi-
hole coordinates in the complex plane, respectively, and
ΨFQH(ζ1, . . . , ζN ) is the Laughlin wave function,
ΨFQH(ζ1, . . . , ζN ) ∝
∏
j<k
(ζj − ζk)me−
∑N
i=1 |ζi|2/4. (2)
As a rotation by an angle θ maps the particle coordi-
nates {ζi} into {ζie−iθ}, its effect on the Laughlin wave
function is simply described by the appearance of a global
phase factor
φL(θ) = m
N(N − 1)
2
θ. (3)
This clearly shows the 2pi periodicity of the Laughlin
wave function. The one- and two-quasihole wave func-
tions [Eqs. (1) and (2)], in addition to the phase φL(θ),
acquire an extra phase φn−qh(θ) = nNθ, due to the poly-
nomial pre-factors.
While all these phase factors become irrelevant for the
evaluation of the braiding phase φbr, which manifests
itself after a 2pi-rotation, one has to account for them
when computing the statistical phase φst, and in partic-
ular when dealing with fermions. In this case m is odd
and therefore φL(pi) is in general not an integer multiple
of 2pi.
Upon the exchange of the two quasiholes through a
pi-rotation, Ψ2qh({ζi}, {Rj}) takes three different phase
factors. In addition to the term φL(pi) + φ2−qh(pi) men-
tioned above, the two-quasihole wave function also ac-
quires the statistical phase φst and a geometric phase
accounting for the motion in the parameter space of the
single quasiholes. Therefore one has to get rid of the
other contributions to extract φst. Subtracting twice the
Berry phase of the one-quasihole configuration allows us
to remove both the geometric phase associated with the
adiabatic motion of the single quasiholes and the contri-
butions to the phase coming from the polynomial pre-
factors. However, this introduces an extra −φL(pi) term,
which appears in Eq. (8) in the main text.
II. RELATION BETWEEN TIME-OF-FLIGHT
AND IN-TRAP AVERAGES
Here we derive Eq. (9) of the main text. In doing this,
we first need to compute the Fourier transform of the
lowest Landau level (LLL) wave function.
A. Fourier transform of the LLL wave function
The Fourier transform of ψn(r) =
(r/lB)
neinφe−r
2/4l2B/(
√
2pi2nn!lB) is calculated as
ψ˜n(k) =
1
2pi
∫
e−ik·rψn(r)d2r
=
1
2pi
∫ ∞
0
r¯n+1e−r¯
2/4
√
2pi2nn!
I(r¯)dr¯, (4)
where I(r¯) =
∫ 2pi
0
e−iklBr¯ cos(ξ−φ)einφdφ, ξ being the an-
gle of k and r¯ ≡ r/lB. Making the variable change
φ′ = φ− ξ and defining β ≡ −klBr¯ we write
I(r¯) = einξ
∫ 2pi−ξ
−ξ
eiβ cosφ
′
einφ
′
dφ′
= einξ
[ ∫ 2pi
0
eiβ cosφ
′
cos(nφ′)dφ′
+ i
∫ 2pi
0
eiβ cosφ
′
sin(nφ′)dφ′
]
= 2einξ
∫ pi
0
eiβ cosφ
′
cos(nφ′)dφ′ = 2pieinξinJn(β), (5)
where to obtain the second equality we used einφ
′
=
cos(nφ′) + i sin(nφ′) and changed the integration limits
using the 2pi-periodicity of the integrand. The second in-
tegral containing sin(nφ′) vanishes as the integrand is an
odd function with respect to φ′ = pi. The third equality
is due to the evenness of the integrand with respect to
φ′ = pi and the result of the final integral can be found
in [1], Jn being the Bessel function of the first kind. In-
serting Eq. (5) into Eq. (4) we find
ψ˜n(k) =
lBi
neinξ√
2pi2nn!
∫ ∞
0
r¯n+1e−r¯
2/4Jn(−klBr¯)dr¯
= lB(−i)n
√
2n+1
pin!
(klB)
neinξe−(klB)
2
, (6)
where the result of the integral can again be found in [1].
Note that ψ˜n(k) can be obtained from ψn(ζ) by chang-
ing ζlB = (x+iy) to −2il2Bkeiξ and multiplying the result
by 2l2B [2]. This formal analogy of the LLL wavefunctions
in real and k spaces is related to the fact that the LLL
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2states are eigenstates of a harmonic oscillator Hamilto-
nian of characteristic length
√
2lB [3] and that the Fourier
transform operator corresponds to a quarter-period-long
temporal evolution under a harmonic oscillator Hamilto-
nian [4].
B. Mean square radius
Focusing on a strictly two-dimensional case, the real-
space density of atoms 〈n(r)〉tof measured through ab-
sorption imaging after the trapping potential and syn-
thetic fields are suddenly turned off can be related to the
momentum-space density 〈n˜(k)〉trap of trapped atoms be-
fore the sudden release as [5]
〈n(r)〉tof = 〈n˜(k)〉trap(d2k/d2r) ' (M/~t)2〈n˜(k)〉trap,
(7)
where the ratio (d2k/d2r) between the infinitesimal area
elements is approximated by the quantity (M/~t)2, which
follows from the relation ~k 'Mr/t assuming a ballistic
(free) expansion of the cloud for a time t after all the
fields are turned off. As mentioned in the main text, for
the ballistic expansion condition to be valid, the inter-
actions between particles should be negligible during the
expansion, although the initial state can be a highly cor-
related one. This omission of interaction effects can be
justified, for instance, whenever the system can be de-
scribed within the LLL approximation as in the present
case [2].
The time-of-flight mean square radius 〈r2〉tof =∫ 〈n(r)〉tofr2d2r/ ∫ 〈n(r)〉tofd2r can be calculated using
~k ' Mr/t, 〈n(r)〉tof ' (M/~t)2〈n˜(k)〉trap, and n˜(k) =
Ψ˜†(k)Ψ˜(k) [5] as
〈r2〉tof ' 1
N
(
~t
M
)2 ∫
〈Ψ˜†(k)Ψ˜(k)〉trapk2d2k
=
1
N
(
~t
M
)2 ∫ ∑
n,n′
ψ˜∗n′(k)ψ˜n(k)〈a†n′an〉trapk2d2k
=
2pi
N
(
~t
M
)2 ∫ ∑
n
|ψ˜n(k)|2〈a†nan〉trapk2kdk
=
1
2Nl2B
(
~t
M
)2∑
n
1
n!
〈a†nan〉trap
∫ ∞
0
un+1e−udu
=
(
~t√
2MlB
)2
1
N
( 〈Lz〉trap
~
+N
)
, (8)
where the second line is obtained by expanding the
Fourier transform Ψ˜(k) =
∫
e−ik·rΨ(r)d2r/2pi of the field
operator Ψ(r) =
∑
n ψn(r)an, with an (a
†
n) destroying
(creating) a particle in the single-particle state labelled
by n and ψ˜n(k) is given by Eq. (6). The third line is
obtained by performing the angular integration, which
yields 2piδnn′ . We get the fourth line by making the vari-
able change u = 2(klB)
2. The result of the integral is
(n + 1)! and we finally obtain the last line by using the
relations 〈Lz〉/~ =
∑
n n〈a†nan〉 and N =
∑
n〈a†nan〉 [6].
Through a similar calculation the in-trap mean square
radius can be found exactly to be
〈r2〉trap = 2l
2
B
N
( 〈Lz〉trap
~
+N
)
. (9)
We see that the expansion of the cloud is self-similar since
〈r2〉tof ∝ t2〈r2〉trap, which can be traced back to the same
functional form of ψn(r) and ψ˜n(k) [2].
III. NUMERICAL METHODS
A. Monte Carlo algorithm
Results presented in Figs. (1) and (2) in the main text
required the computation of 〈r2〉 for different quasihole
states. For this purpose, we take advantage of the so-
called Laughlin plasma analogy, in which the absolute
square of the manybody wave function |Ψ|2 is interpreted
as the Boltzmann factor e−βU of a classical system of 2D
charged particles at the fictitious temperature β = 2ν [7].
This allows us to recast the expectation value of several
observables –notably those which only depend on the par-
ticle coordinates– as an average over the probability dis-
tribution e−βU . In particular, the mean square radius
reads
〈Ψqh({ζi}, {Rj})| 1
N
N∑
i=1
r2i |Ψqh({ζi}, {Rj})〉
=
∫
dζ1dζ
∗
1 . . . dζNdζ
∗
N |ζ1|2e−βU({ζi},{Rj})∫
dζ1dζ∗1 . . . dζNdζ
∗
Ne
−βU({ζi},{Rj}) .
(10)
We compute the integrals in Eq. (10) through the
Metropolis Monte Carlo (MC) approach [8, 9], which is
an established method to study several properties of frac-
tional quantum Hall (FQH) systems, including density
profiles and pair correlation functions [10, 11]. At each
MC step, all particles are moved by random displace-
ments, and the move is accepted if e−β∆U is larger than
a random number between zero and one, where ∆U is the
energy change due to the move. The observables deter-
mined through this method are exact within statistical
errors.
B. Exact diagonalization
To further support the results obtained by means of
the above presented MC technique, we perform exact
diagonalization (ED) calculations in the LLL approxi-
mation [see Fig. 1(a)]. More precisely, we diagonal-
ize the Hamiltonian Hqh = HFQH + Vqh + Vtrap in the
LLL, where Vqh =
∑
i[VR1δ(ri − R1) + VR2δ(ri − R2)]
describes the repulsive potentials associated with the two
laser beams used to pin the quasiholes and the weak trap
3potential is chosen to be a harmonic one, which can be
given in the LLL as Vtrap = υLz up to a constant energy
shift. Typical values of the Hamiltonian parameters are
υ = 1–5×10−4Vint and VR1 = VR2 = 1–100Vint, in which
Vint ≡ gint/2pil2B represents the characteristic energy scale
of the system.
Regarding the Hilbert spaces over which we diagonalize
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FIG. 1: (a) Comparison between the braiding phase φBr as
a function of R obtained via ED method (red circles), an-
alytic calculations for the ansatz wave functions (blue solid
line) and MC method (green crosses) for a system of N = 6
particles at filling ν = 1/2 (one quasihole is taken to be in
the center for the two-quasihole state). Parameters used in
the diagonalization are VR1 = VR2 = Vint and υ = 10
−4Vint.
The inset shows a zoom of a part of the curve to display
the error bars of MC results. (b) Study of the dependence
of the ED results for the braiding phase on both the Hilbert
space size and the Hamiltonian parameters. Results obtained
with parameters (V
(0)
R1
= V
(0)
R2
= Vint, υ
(0) = 10−4Vint) on the
“Jack” Hilbert space H(0) [those in (a)] are given by red cir-
cles and on the larger Hilbert space H(1) ⊃ H(0) by orange
crosses. Results obtained with stronger potential parameters
(V
(1)
R1
= V
(1)
R2
= 100Vint, υ
(1) = 5×10−4Vint) on H(1) are given
by purple triangles. Note that in this last case, the deviations
with respect to the analytical calculation shift towards larger
R. Radial density profile of the ν = 1/2 Laughlin state for
N = 6 particles is shown in arbitrary units by the dashed line.
the Hamiltonians, they are constructed by taking advan-
tage of the possibility to decompose quasi-hole states in
terms of Jack polynomials [12]. This choice is found to
give extremely accurate results as long as both lasers are
located reasonably inside the FQH cloud [see Fig. 1(b)].
On the other hand, by enlarging the Hilbert space, small
variations in the ground states are observed when one of
the two lasers starts acting on the tail of the FQH cloud
instead of on its bulk.
From the physical point of view, these deviations of the
numerical ground states with respect to the ansatz quasi-
hole wave functions can be associated with the edge exci-
tations that are created in addition to the quasihole when
the pinning potential is located close to the edge of the
cloud. Within the perspective of this work, however, such
deviations are not relevant for two reasons. First, our
proposal correctly applies only when the two quasiholes
are both located in the bulk of the cloud, which is the re-
gion where the braiding and statistical phases have most
of their meaning. Second, the range of R = |R1−R2| val-
ues for which these deviations appear can be reduced if
higher values of the laser strength –together with stronger
harmonic confinements– are considered.
As a final step, we test the possibility of pinning quasi-
holes with more realistic potentials by modeling the laser
beams as finite-width Gaussians. Overlaps larger than
95% between the numerical ground state and the required
quasihole analytic wavefunction are observed for a rele-
vant range of parameters. Moreover, the use of hard-
wall confinements is found to be helpful in selecting the
number of quasiholes pinned by each laser –see Ref. [13],
where repulsive square-well potentials centered in the ori-
gin are considered. For instance, the ground state of a
ν = 1/2 system experiencing a hard-wall potential [14]
of parameters Vext = 100Vint and Rext = 5.2
√
2lB and a
repulsive Gaussian potential of the form
VG(r) = (VR1/
√
2piσ)exp[−(r −R1)2/2σ2], (11)
with R1 = 0 and VR1 = Vint, has an overlap with
Ψ1qh(R1 = 0) larger than 98% when σ ≤ 0.5lB.
IV. MORE GENERAL QUASIHOLE
CONFIGURATIONS
In the main text we considered pinning potentials lo-
calizing quasiholes in peculiar configurations with high
symmetry. We now relax these assumptions in two direc-
tions: first by treating more general configurations, and
second by letting quasiholes fluctuate around their ref-
erence positions. These points may be relevant in view
of experimental realizations, where uncertainties in the
quasihole localization would naturally be present.
For two quasiholes pinned at generic positions R1 and
R2, the exchange process can be represented as a pi–
rotation plus a topologically irrelevant translation by
R1+R2. The expression for the statistical phase, Eq. (8)
4in the main text, is then generalized as
φst(R1,R2) =
pi
~
(
〈Lz〉2qh − 〈Lz〉1qh(1) − 〈Lz〉1qh(2)
)
+ pim
N(N − 1)
2
,
(12)
where 〈Lz〉1qh(i) is the average angular momentum for
the state containing only the quasihole in Ri. There-
fore, for configurations of this kind, one needs to eval-
uate three different average values of Lz. We compute
φst through the MC algorithm for R1 = (3.25
√
2lB, 0)
and R2 = (0, 0.5
√
2lB) [see Fig. 2 (a)]. The result,
φst = (0.499±0.003)pi/~, is fully compatible with pi/(2~),
which is the expected value when R1 and R2 coordinates
are sufficiently far from each other and from the cloud
boundary.
Due to the finite size of the depletion regions character-
izing quasiholes, thermal fluctuations may induce small
deviations in their positions. We include this possibility
in our MC algorithm by letting the quasiholes move dur-
ing the sampling and we keep each of them close to its
reference position by means of an additional harmonic
trap in the plasma-analogy potential energy U . For each
choice of the plasma parameters, we set the characteris-
tic length scale of these traps such that fluctuations in
the quasihole positions are of the order of a fraction of
their extension (proportional to lB). As a concrete exam-
ple we evaluate the statistical phase characterizing quasi-
holes fluctuating around R1 = −R2 = (2.75
√
2lB, 0) with
standard deviation 0.4lB [see Fig. 2 (b)]. The result,
φst = (0.498± 0.004)pi/~, does not show deviations with
respect to the case of fixed quasiholes positions treated
in the main text.
0 10 0.00
0.03
0.06
0.09
0 10
10
0
10
10 10- -
-
FIG. 2: (a) Density profile for the state with two quasiholes
pinned at R1 = (3.25
√
2lB, 0) and R2 = (0, 0.5
√
2lB). (b)
Density profile obtained through the modified sampling for
quasiholes fluctuating around the reference positions R1 =
−R2 = (2.75
√
2lB, 0) (white diamonds). The average quasi-
hole positions (red circles) are shifted outwards with respect
to the reference ones, due to interaction with the classical
particles forming the plasma.
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